Waves propagating perpendicular to a magnetic field in a plasma consisting of electrons, positrons, and ions are studied theoretically and numerically. In a three component plasma, there appears a frequency domain in which the magnetosonic waves cannot propagate; thus, we have two separate modes below the electron cyclotron frequency. Their dispersion relations are discussed. Then, Korteweg-de Vries equations are derived for these modes. A solitary wave of the low-frequency mode has a soliton width 1 -10 3 times as large as the electron skin depth and has an electric potential 1 -10 2 times as large as that in an electron-ion plasma; both of them increase with decreasing ion density. A solitary wave of the high-frequency mode has a soliton width of the order of the electron skin depth and has negligibly small electric potential. Three-fluid simulations show that the low-frequency mode solitary pulse can emit high-frequency mode solitons, if the amplitude of the original pulse is large and the ion density is low.
I. INTRODUCTION
The electron-positron ͑e-p͒ plasma is thought to be the dominant constituent in the pulsar magnetosphere. 1 Also, it could be the major component of the relativistic jets that stream from the nuclei of quasars and active galaxies. 2, 3 Accordingly, nonlinear wave properties and particle acceleration in e-p plasmas have been extensively studied by many authors. Solitary wave solutions propagating perpendicular to a magnetic field were found in Ref. 4 . Effects of particle reflection ͑reflection by magnetic fields͒ were then studied theoretically and numerically. 5, 6 Korteweg-de Vries ͑KdV͒ equation for magnetosonic waves and modified KdV equation for the Alfvén waves were also discussed. [7] [8] [9] [10] In many cases, however, e-p plasmas would contain some ions. Energy transfer in a shock wave in an electronpositron-ion ͑e-p-i͒ plasma was studied with particle simulations in Ref. 11 , in which ions were assumed to be a minority population. Berezhiani et al. [12] [13] [14] have analytically shown that large-amplitude localized structures can be generated in an unmagnetized e-p plasma with a small fraction of ions.
For the ordinary electron-ion ͑e-i͒ plasmas, on the other hand, effects of the presence of multiple ion species have been studied in the wave propagation, plasma heating, and particle acceleration, [15] [16] [17] [18] [19] [20] [21] In particular, it has been found recently that the magnetohydrodynamic waves in a plasma consisting of electrons, hydrogens, and minor heavy ions behave quite differently from those in a pure electron-hydrogen plasma. 18, 19 Furthermore, heavy ions can be accelerated to high energies by a mechanism different from that of hydrogen ions. 20, 21 These studies also indicate the importance of the investigation of multicomponent plasmas.
In this paper, we investigate perpendicular magnetosonic waves in an e-p-i plasma theoretically and numerically.
In an e-p plasma, the frequency of the magnetosonic waves propagating perpendicular to a magnetic field is given by
in the long-wavelength limit, where k is the wave number and v A is the Alfvén speed
with n e0 , m e , and B 0 the electron density, electron mass, and magnetic-field strength, respectively; the subscript 0 denotes equilibrium quantities. In the short-wavelength limit, k→ϱ, the magnetosonic wave has a resonance at the electron cyclotron frequency ͉⍀ e ͉ ͑see, for instance, Ref. 22 and references therein͒. If the plasma contains ions, in addition to the electrons and positrons, then the dispersion relation changes considerably. The magnetosonic wave is split into two modes. The lower frequency mode has a resonance in the shortwavelength limit, the frequency of which, lfr , varies from the ion cyclotron frequency ⍀ i to the lower-hybrid resonance frequency as the ion density n i0 is increased from zero to the electron density n e0 . The high-frequency mode has a resonance at the electron cyclotron frequency and has a cut-off frequency hf0 , which goes from ⍀ i to ͉⍀ e ͉ as n i0 increases from zero to n e0 . It is thus expected that the nonlinear wave properties should be quite different from those in the e-p plasma.
In Sec. II, we describe linear dispersion relations of the low-frequency waves propagating perpendicular to a magnetic field in an e-p-i plasma. We focus on the waves with Շ͉⍀ e ͉. Some effects of the displacement currents are also mentioned. In Sec. III, we derive KdV equations for the lowand high-frequency modes. The nonlinear wave properties of these two modes are significantly different. The solitary wave of the low-frequency mode has a width much larger than the electron skin depth and has an electric potential much greater than that in an e-i plasma. On the other hand, the solitary wave of the high-frequency mode has a width of the order of the electron skin depth, and its electric potential is negligibly small. In Sec. IV, results of three-fluid simulations are shown. If the amplitude of the solitary pulse of the low-frequency mode is smaller than the critical amplitude ⑀ max , then the solitary wave can propagate steadily, as expected from the theory. However, if the amplitude is greater than ⑀ max , the pulse quickly steepens, and short-wavelength pulses are generated. The electric potential of these shortwavelength pulses are quite small, and their propagation speeds are found to be nearly equal to theoretical speeds of solitons of the high-frequency mode; thus, it is concluded that the generated short-wavelength pulses are the highfrequency mode solitons. That is, the low-and highfrequency modes are coupled in the nonlinear regime. The value of ⑀ max goes to zero as n i0 approaches zero. This suggests that the nonlinear coupling of the two modes is stronger when the ion density is low. In connection with this, we also note that the difference between the cut-off frequency hf0 and the resonance frequency lfr decreases with decreasing ion density. In Sec. V, we summarize our work.
II. LINEAR DISPERSION RELATIONS OF PERPENDICULAR WAVES
We begin with a discussion of linear waves, using a set of three-fluid and Maxwell equations
The quantities A 2 , A 1 , and A 0 are all positive. From Eq. ͑14͒, we have two modes
The mode with upper (ϩ) sign will be called the highfrequency mode, while the one with lower (Ϫ) sign will be called the low-frequency mode. We will prove later by Eq. ͑34͒ that the quantity (A 1 2 Ϫ4A 2 A 0 ) is always positive and, hence, the frequencies given by Eq. ͑18͒ are always real. We show dispersion relations of these modes in Fig. 2 for three different values of ion density ratio , which is defined as ϭn i0 /͑n e0 ϩn p0 ͒. ͑19͒
The electron-to-ion mass ratio is taken to be m e /m i ϭ1/1836 in the figure. The meanings of k c and k inf appearing in Fig. 2 will be explained later. The frequency of the low-frequency mode goes from zero to the resonance frequency
as the wave number k goes from zero to ϱ, where is the electron-to-ion mass ratio ϭm e /m i . ͑21͒
The high-frequency mode has a cut-off frequency hf0 ϭ͑ϩ ͉͒⍀ e ͉/͑1ϩ ͒, ͑22͒
and, as k→ϱ, approaches the resonance frequency hfr ϭ͉⍀ e ͉. ͑23͒
We have the following relation for lfr and hf0 :
As shown in Fig. 3 , the frequencies lfr and hf0 depend on the ion density ratio . .
͑28͒
For n i0 ϭ0, this reduces to Eq. ͑2͒. In terms of , it can be expressed as
The Alfvén speed increases as the ion density ratio decreases. We define the wave number k c as
As Fig. 2 shows, around this wave number the dispersion curves of the low-and high-frequency modes have large curvatures. This wave number can be rewritten as
. ͑31͒ Figure 4 shows the dependence of k c on . 
By virtue of the relations ͑24͒, we see that (A 1 2 Ϫ4A 2 A 0 ) is positive. This indicates that the frequencies given by Eq. ͑18͒ are always real.
Using these quantities, we can express approximate dispersion relations. In the long-wavelength domain such that kӶk c , the high-frequency mode can be given as 2 ϭ hf0
while the low-frequency mode is
͑36͒
If we neglect compared with unity, then, from Eqs. ͑20͒ and ͑22͒, we have
when ӷ 3 . In the short-wavelength region such that kӷk c , the high-frequency mode is given as 2 ϭ hf0
where we have used the relation Ӷ1. The dispersion curve has an inflection point (d 2 /dk 2 ϭ0) at
where we have assumed that c 2 k 2 / pep 2 Ӷ1. It is evident that k inf ӷk c , if Ӷ1. Figure 5 shows k inf versus . In the wave number domain such that kӷk inf , the high-frequency mode is given as
where v h is defined as
This gives a measure of the propagation speed of the highfrequency mode. The ratio of the Alfvén speed to v h may be written as
.
͑42͒
This indicates that v h is always greater than v A . The dependence of v A /v h on is shown in Fig. 6 . For the wave number domain
the high-frequency mode can be approximated as
͑44͒

C. Some effects of displacement currents
If the displacement currents are neglected in Eq. ͑6͒, then taking the divergence of ͑6͒, we have It then follows from the continuity equation of current that
In the treatment of Sec. II B, where the displacement currents were neglected, the density perturbations, n j1 , therefore, satisfy the relation
This approximation may not be valid in the short-wavelength regime. 15 From the set of Eqs. ͑3͒-͑6͒ with the displacement currents included, the dispersion relations of perpendicular waves are given as
In these calculations, relations among perturbed quantities are also found. We show in Fig. 7 the ratio of density to magnetic perturbations
as a function of the wave number k for the low-frequency mode ͑solid line͒ and high-frequency mode ͑dashed line͒. For the former mode, this ratio increases with k; for k ӷk c , the charge neutrality does not hold. By contrast, for the latter mode, this quantity remains small (ϳ) for ck/ pep Շ1. Figure 8 shows the dependence of ͉E x1 /B 1 ͉ on k for the low ͑solid line͒ and high ͑dashed line͒ frequency modes. Another important effect of the displacement currents is the modification of phase velocity. As the ion density ratio decreases, the Alfvén speed increases. The speed can be close to or even greater than the speed of light, if the magnetic field is strong. We calculate the dispersion relation of the low-frequency mode in the long-wavelength limit in such a case. Multiplying Eq. ͑48͒ by 2 ( 2 Ϫ⍀ e 2 ) 2 ( 2 Ϫ⍀ i 2 ) 2 , we have
where v lp is the phase velocity /k, and C 0 and C 1 are
It is expected that in the long-wavelength limit, the lowfrequency mode has a phase velocity nearly independent of the wave number. Thus, the phase velocity v lp may be expressed as
where v lp0 is independent of k, and ␦v lp (k) is much smaller than v lp0 . The value of C 0 should be zero for kϭ0. Hence, it follows from Eq. ͑51͒ that
Linearizing Eqs. ͑50͒-͑52͒ with respect to ␦v lp (k), we obtain ␦v lp (k) as
where ␣ is defined as
͑56͒
We thus find the dispersion relation in the long-wavelength limit as
͑57͒
We show in Fig. 9 the dependence of ␣ on . 
III. NONLINEAR WAVE THEORY
A. Low-frequency mode
As expected from the dispersion relation ͑57͒, KdV equation for the low-frequency mode can be derived with conventional reductive perturbation method 23, 24 as
The detailed calculations are found in Appendix A.
Here, long-wavelength perturbations are considered; k Ӷk c . In addition, in the perturbation scheme to derive the KdV equation, it is assumed that the amplitude ⑀ (ϳB 1 /B 0 ) is of the order of the dispersion term; from Eq. ͑57͒, we have the following condition:
. ͑59͒
From these two conditions for k and ⑀, we find the upper limit of ⑀ as
. ͑60͒
When the dispersion relation ͑57͒ is approximated by ͑36͒, i.e., when the displacement currents are neglected, this is reduced to
has a solitary wave solution
where B n l is the normalized amplitude, and D lf is the soliton width
The quantity M lf is the Alfvén Mach number and is related to the amplitude B n l through
The soliton width D lf increases as the ion density ratio decreases from ϭ1 to ϳ. This is due to the fact that the current density parallel to the wave front is lower in an e-p-i plasma than in an e-i plasma. In the low-frequency mode in an e-p-i plasma, both electrons and positrons move mainly with the EϫB drift. Their currents and the one due to the ion EϫB drift cancel out. The currents, therefore, result primarily from the ion polarization drift parallel to the wave front ͓see Eq. ͑A18͒ in Appendix A͔. On the other hand, in a perpendicular nonlinear magnetosonic wave in an e-i plasma, the electron currents predominate over the ion currents. [25] [26] [27] Accordingly, to produce the same magnitude of magnetic perturbation, we need a larger soliton width in an e-p-i plasma than in an e-i plasma. Specific values of D lf will be shown later in Fig. 11 .
The magnitude of the potential formed in the solitary wave is given as
In the limit of →1 ͑no positrons͒, this is reduced to
which is identical to the potential in a single-ion-species plasma. [25] [26] [27] Figure 10 shows the magnitude of potential as a function of the ion density ratio for M lf ϭ1.25. It increases with decreasing . This is a reflection of the fact that the Alfvén speed, ϳv lp0 , rises as goes down; e is of the order of the ion kinetic energy measured in the wave frame. [25] [26] [27] The values of e for Շ10 Ϫ2 are more than 100 times as large as those at around ϭ1.
B. High-frequency mode
The high-frequency mode has a finite cut-off frequency. However, the dispersion relation ͑44͒ in the wavelength region k inf ӶkӶ pep /c suggests that this mode could be approximately described by a KdV equation. Indeed, by adopting a perturbation scheme, 18, 28 in which the conventional reductive perturbation method was modified to deal with such waves, we can also derive a KdV equation for this mode as 
Here, effects of the displacement currents are included; detailed calculations are described in Appendix B. The wave amplitude ⑀ must be in the regime
Ӷ⑀Ӷ1, ͑69͒
because we are concerned with the waves in the domain k inf ӶkӶ pep /c and because ⑀ is related to k through ⑀ 1/2 ϳck/ pep .
23,28
We have a solitary wave solution analogous to Eq. ͑62͒, with the subscript l replaced by h. The soliton width is given as
where B n h is the normalized amplitude. The Mach number is related to B n h through Figure 11 compares soliton widths and characteristic speeds of the solitary waves of the low-and high-frequency modes. The Mach numbers are taken to be M lf ϭM hf ϭ1.25; the electron-to-ion mass ratio is ϭ1/1836; and ͉⍀ e ͉/ pe ϭ1. The soliton width of the low-frequency mode, D lf , changes considerably with , while that of the highfrequency mode, D hf , changes little, being close to the elec- Another important feature of the high-frequency mode soliton is that its potential is negligibly small compared with that of the low-frequency mode. This is because the pulse is short, D hf ӶD lf , and the charge separation is small in the high-frequency mode. Indeed, from Eqs. ͑B24͒ and ͑B26͒, we have
IV. SIMULATION
A. Simulation method and parameters
We now numerically study nonlinear evolution of the perpendicular waves in an e-p-i plasma, by using an electromagnetic, one-dimensional, three-fluid simulation code. We solve Eqs. ͑3͒-͑6͒ under periodic boundary conditions with a pseudo-spectral method. 29 The total grid size is 8192 with grid spacing ⌬ g ϭ0.5c/ pe . We have chosen the ion mass and charge as m i /m e ϭ100 and q i /eϭ1; the positron mass and charge are, of course, m p ϭm e and q p ϭϪq e ϭe. In an equilibrium state, the magnetic field strength is ͉⍀ e ͉/ pe ϭ1.
B. Simulation results
As initial wave profiles, we use solitary wave solutions for the low-frequency mode obtained in the theory. First, we consider the case with n i0 /n e0 ϭ10 Ϫ3 (ϭ0.5ϫ10 Ϫ3 ) and examine two different amplitudes; ⑀(ϭB 1 /B 0 )ϭ0.01 and ⑀ ϭ0.1. For these parameters, the value of ⑀ max is 0.05; it is between these two amplitudes, 0.01Ͻ⑀ max Ͻ0.1. The characteristic speeds are v A /cϭ0.69, v lp0 /v A ϭ0.82, v h /cϭ0.71, and v hp0 /v h ϭ0.82. We show in Fig. 12 magnetic field profiles of a solitary wave with the amplitude ⑀ϭ0.01 at various times. The horizontal axis is xϪv lp0 t. In this small amplitude case, the pulse propagation is stationary. However, if the amplitude is increased, the waves behave quite differently. Figure 13 shows that when the initial amplitude is rather large, ⑀ϭ0.1, the pulse quickly steepens and then emits shortwavelength pulses, which propagate faster than the original long-wavelength pulse. Figure 14 gives an expanded view of the pulse profiles at pe tϭ4800; the upper panel shows magnetic-field B z ͑thin line͒ and electric potential ͑thick line͒, while the lower panel shows v py ͑solid line͒ and v ey ͑dotted line͒. For the original long-wavelength pulse, B z and have similar profiles. However, for the emitted shortwavelength pulses, perturbations of are insignificant. Amplitudes of v py and v ey are much larger in the shortwavelength pulses than in the long-wavelength pulse. These profiles suggest that the short-wavelength pulses are the high-frequency mode. We thus measured the propagation speeds of these pulses. Figure 15 shows the propagation speed ͑Mach number M hf ) of the short-wavelength pulse as a function of the pulse amplitude. The dots represent observations, while the solid line shows the theory for the propagation speed of the high-frequency mode soliton. They are in fairly good agreement. That the observed pulse speeds are slightly lower than the theory may be due to the fact that the pulses have not been sufficiently separated yet in the simulation. Also, the profiles of other field quantities, which are not shown here, are observed to have the characteristics of the high-frequency mode soliton. It is thus concluded that the generated short-wavelength pulses are solitary waves of the high-frequency mode. In the nonlinear regime, the low-and high-frequency modes can be coupled.
From the studies of KdV equation, 30 it is expected that low-frequency-mode solitons can be generated from longwavelength (ӷk c Ϫ1 ) perturbations. Our results suggest that high-frequency-mode solitons, as well as the low-frequency ones, can be produced from long-wavelength perturbations in the three component plasma. In fact, we have also examined the evolution of long-wavelength (ӷk c Ϫ1 ), periodic sine ͑or cosine͒ waves; the initial wave profiles ͑with finite amplitudes͒ were given by the linear theory. The profile steepened and the low and high-frequency-mode solitons were generated. The emission of the high-frequency-mode solitons occurs when the amplitude is large and the ion density ratio is small. Next, we show in Fig. 16 a case with a higher ion density; the ion density is n i0 /n e0 ϭ10 Ϫ2 and ⑀ max is estimated to be ϳ0.3. The characteristic speeds are v A /cϭ0.58, v lp0 /v A ϭ0.87, v h /cϭ0.71, and v hp0 /v h ϭ0.82. Even though the amplitude of the initial low-frequency mode pulse, ⑀ϭ0.1, is the same as the that in the previous large amplitude case, neither steepening of the pulse nor emission of short-wavelength pulses is observed. Nonlinear coupling is much weaker in this case. As the ion density ratio is raised, ⑀ max increases. In addition, the difference between the resonance frequency lfr of the low-frequency mode and the cutoff frequency hf0 of the high-frequency mode becomes larger. These two effects will act to suppress the nonlinear coupling.
V. SUMMARY AND DISCUSSION
We have theoretically and numerically studied linear and nonlinear propagation of perpendicular magnetosonic waves in an e-p-i plasma. If a plasma contains ions as well as electrons and positrons, the magnetosonic wave is split into two modes. The dispersion relations of these modes have been discussed in detail. The low-frequency mode has a resonance at ϭ lfr in the short-wavelength limit. The highfrequency mode has a resonance at electron cyclotron frequency ͉⍀ e ͉. Also, it has a cut-off at ϭ hf0 . The waves, therefore, cannot propagate in the frequency domain lfr ϽϽ hf0 . As the ion density increases from n i0 ϭ0 to n i0 ϭn e0 , the cut-off frequency hf0 rises from ⍀ i to ͉⍀ e ͉, and the resonance frequency lfr goes from
The frequency difference hf0 Ϫ lfr becomes larger with increasing ion density n i0 .
KdV equation can be derived for either the low-or highfrequency mode, if we use appropriate expansion schemes. A solitary wave of the low-frequency mode has a soliton width much longer than the electron skin depth c/ pe and has an electric potential much greater than that in an e-i plasma. A solitary wave of the high-frequency mode has a soliton width close to c/ pe , and its potential is very small.
Nonlinear propagation of these modes in e-p-i plasmas has also been investigated with one-dimensional simulations based on a three-fluid model coupled with full Maxwell equations. The simulations show that the low-frequency mode solitary pulse can emit high-frequency mode solitons, if the amplitude of the original pulse is large and the ion density is low, i.e., if ⑀Ͼ/(ϩ). The nonlinear coupling of the low-and high-frequency modes is strong when the ion density is low.
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͑A9͒
The equation of motion gives
ϩv jy2 ͪͬ ϩ¯ϭ0,
͑A10͒
and
Ϫv jx2 ͪͬ ϩ¯ϭ0.
͑A11͒
Faraday's law is written as FIG. 16 . Magnetic field profiles of a low-frequency mode soliton with ⑀ ϭ0.1 in a plasma with n i0 /n e0 ϭ10 Ϫ2 .
Ampere's law gives
From the lowest order equations of ͑A11͒-͑A13͒, we have
indicates that all the particle species have nearly the same velocity in the x direction, owing to the EϫB drift.
give
The first term on the right-hand side of Eq. ͑A18͒ arises from the polarization drift, the magnitude of which is proportional to particle mass. The second term is the EϫB drift; because it is the same for all the particle species, it does not contribute to plasma currents. In the lowest order perturbations, therefore, plasma currents are generated mainly by the ion polarization drift in the y direction. We multiply the O(⑀ Also, we multiply the O(⑀ 2 ) terms of Eq. ͑A11͒ by n j0 m j and sum over particle species j. Then, by virtue of Eqs. ͑A15͒, ͑A16͒, ͑A18͒, and ͑A21͒, we have
where 0 is the equilibrium mass density
Substitution of Eq. ͑A23͒ into Eq. ͑A18͒ yields
In terms of and , Eq. ͑A25͒ can be rewritten as 
We now eliminate the second-order terms, v jx2 , v jy2 , E x2 , and so on, from Eq. ͑A27͒. First, the term proportional to E x2 in Eq. ͑A27͒ vanishes by virtue of Eq. ͑A16͒. Also, on account of the O(⑀ 2 ) equation in ͑A11͒ and Eq. ͑A15͒, we obtain
) equation in ͑A14͒ and Eqs. ͑A15͒ and ͑A17͒, it follows that
͑A29͒
Further, the O(⑀ 
